Abstract. A virtual endomorphism of a group G is a homomorphism f : H → G where H is a subgroup of G of finite index m. The triple (G, H, f ) produces a state-closed (or, self-similar) representation ϕ of G on the 1-rooted m-ary tree. This paper is a study of properties of the image G ϕ when G is nilpotent. In particular, it is shown that if G is finitely generated, torsion-free and nilpotent then G ϕ has solvability degree bounded above by the number of prime divisors of m.
Introduction
A virtual endomorphism of a group G is a homomorphism f : H → G where H is a subgroup of G of finite index m. A recursive construction using f produces a so called state-closed (or, self-similar ) representation of G on a 1-rooted regular m-ary tree. The kernel of this representation is the f -core (H); i.e., the maximal subgroup K of H which is both normal in G and is f -invariant, in the sense that
The notion of state-closed groups was first introduced in [9] . It was inspired by the fact that the Grigorchuk 2-group, the Gupta-Sidki p-groups, the affine group Z n GL(n, Z) [2] , as well as an automata group of Aleshin (claimed to be free, see [1] ) satisfied such a condition. State-closed representations of groups on the binary tree were studied in some depth in [7] . Dynamical aspects in this last paper were developed further by Nekrashevych in [6] into a far-reaching theory.
The question of existence of finite-state, state-closed representations of free groups stimulated a number of interesting constructions. Glasner and Mozes [4] used ideas from homogeneous tree lattices to construct such a representation of a free group of rank 14 acting on on the 6-tree. This was followed by a construction by Muntyan and Savchuk (see, [6] , 1.10.3) for the free group of rank 2 on the 6-tree. Recently, Vorobets and Vorobets [11] have produced a proof that the group defined on the binary tree, related to the one proposed initially by Aleshin, is indeed free of rank 3.
The present paper extends the results on free abelian state-closed groups in [7] to finitely generated nilpotent state-closed groups. The main emphasis though is on the subclass of torsion-free groups-following P. Hall's notation, these are T-groups, or T c -groups when the nilpotency class is c.
We refer to the data {G, H ≤ G, f : H → G, [G : H] = m} as a triple (G, H, f ) of degree m. If the f -core (H) is the trivial subgroup then f and the triple (G, H, f ) are called simple and when f is a simple epimorphism it is called recurrent. If the only f -invariant subgroup of G is the trivial subgroup then f and the triple (G, H, f ) are called strongly simple. To give an example of a strongly simple triple, we let G be the free nilpotent group F (c, d) of class c, freely generated by
where n is a fixed integer greater than 1 and let f be the extension of the map x n i → x i (1 ≤ i ≤ d).
We review state-closed groups and representations in Section 2 and illustrate how to produce concretely state-closed nilpotent groups. Moreover, we prove that state-closed abelian groups are small, in the sense that their centralizers in the group of automorphisms of the tree coincide with their topological closure in this last group. Naturally, if G is an abelian group then for any triple (G, H, f ), we have ker(f ) ≤ f -core(H). The relationship between ker(f ) and the f -core(H) for general nilpotent groups is established in Section 4. 
L, the isolator of L in H.
A group G is said to be to be compressible provided every subgroup H of finite index in G contains a subgroup K isomorphic to G. It was shown by G. S. Smith in [10] that T c -groups are compressible when c ≤ 2. We extend this result to strongly simple triples in Subsection 5.1, as follows Theorem 2. Let c ≤ 2 , G be an T c -group and H a subgroup of finite index in G. Then there exists a subgroup K of finite index in H, which admits a strongly simple epimorphism f : K → G.
More on compressibility and co-Hopfianity questions concerning T c -groups can be found in [3] .
Given an integer m > 1, let l (m) be the number of prime divisors of m (counting multiplicities) and a (m) the largest exponent of the prime divisors of m. Denote by c(G) the nilpotency class of G, by s (G) the derived length of G and by d(G) the minimum number of generators of G.
If G is a finitely generated nilpotent group and H a subgroup of G of index m then G = G core(H) is finite and c G ≤ a (m). We find in Subsection 5.2 such limitations for s (G) and c (G) with respect to l (m) .
To show that in the first part of the theorem s (G) cannot be replaced by c (G), we construct in Subsection 5.4, an ascending sequence of simple triples (G n , H n , f n ) where the groups G n are metabelian T-groups, d (G n ) = 2, c (G n ) = n, [G n : H n ] = 4. Using another sequence of examples, we show that the limit in the second part of the theorem to be satisfactory. Conceivably, l (m) in the theorem may be replaced by a (m). A first step in this direction is taken in Section 6. Theorem 4. Let G be an T-group, H a subgroup of G of finite index m which is a square-free integer and f : H → G a simple epimorphism. Then G is abelian.
The proof of the theorem depends upon a divisibility relation between indices of subgroups, which we prove in the following general form. 
State-closed groups and representations
Let Y be a non-empty set, P (Y ) the group of permutations of Y and let T(Y ) be 1-rooted tree indexed by the free monoid Y * generated by Y . Then the group of automorphisms A of the tree is isomorphic to the semidirect product of A Y by P (Y ) and under this identification, we have the decomposition A = A Y P (Y ). Thus, an α ∈ A is represented as α = (α y |y ∈ Y ) α σ where α y ∈ A and σ ∈ Hom (A, P (Y )). The set of states of α is Q (α) = {α u |u ∈ Y * }. For G ≤ A, let stab G (i) denote the subgroup of G formed by elements which leave the ith level vertices fixed. Also, for u ∈ Y * of length i, let π u : stab G (i) → A be the projection map on the uth coordinate. A subgroup G of A is state-closed provided Q (α) is a subset of G for all α ∈ G and is finite-state if Q (α) is finite for all α ∈ G.
On fixing y ∈ Y , we obtain the triple (G, stab G (y) , π y ). In the other direction, given a triple (G, H, f ), we produce a state-closed representation in a recursive manner, as explained in the following theorem. To dispel difficulties with the notation in the above formula, we offer a simple example. Let G be the additive group Z, H = 2Z, Y = {0, 1}; then, σ : 0 ↔ 1. Define f : 2Z → Z by 2n → n. Then, 1 ϕ = (0 ϕ , 1 ϕ ) σ which is none other the binary adding machine.
The proof of the theorem is omitted as it is a direct extension of that of Theorem 3.1 in [7] .
2.1. Producing nilpotent state-closed groups. We illustrate in this subsection how certain initial conditions about a simple triple (G, H, f ) lead to understanding properties of its state-closed representations, which can then be used to construct examples of such triples. Consider the following configuration:
Let Y = {1, 2, 3, 4} and A = Aut (T (Y )). We will show that from a state-closed representation of G in A, we obtain (i) z has the representation z = (e, z, e, z) . (1, 2) (3, 4) as an element of A;
(ii) C = C A (z) is state-closed; (iii) the commutator equation [α, β] = z has the following particular solution in
Furthermore, The group R = α, β is isomorphic to F (2, 2), is recurrent and is finite-state ; (iv) there exists κ ∈ N C (R) defined by
such that the group S = α, β, κ is an T 3 group and has the presentation
Proof. Let Y = {e, z, x 2 , zx 2 }. Then, on enumerating Y as {1, 2, 3, 4}, we obtain
where ζ = (e, z ϕ ) and z induces the permutation (1, 2) (3, 4) on Y . We drop the ϕ from the notation and so z acquires the form z = (e, z, e, z) . (1, 2) (3, 4) ; and clearly, z is recurrent.
The elements of the centralizer C = C A (z) in A are of eight types:
where in each case, h 1 , h 2 ∈ C. It follows that C is also state-closed.
From this, we conclude that
generate a group R isomorphic to F (2, 2), and it can be verified directly that it is finite-state, recurrent and moreover, C A (G) = Z (C A (z)) = z , the topological closure of z in A.
Let h ∈ N C (R) such that α, β, h is nilpotent of class 3. Then, we may assume h = (h 1 , h 1 , h 2 , h 2 ) and
has determinant 1 and trace 2. Thus,
Now,
Then,
from which we obtain
A solution is found by making
We get a recursive solution by making
The group S = α, β, κ is an T 3 group with the presentation
We note that the groups R, S are the first two terms of an infinite sequence of nilpotent subgroups of C, which we will construct in Section 5.4.
State-closed abelian groups. The group A = Aut(T(Y )) is the inverse limit of its quotients
A stabG(i) and as such becomes a topological group. Given α ∈ A we indicate the diagonal automorphism (α, α, ..., α) by α (1) and inductively,
The following theorem shows that recurrent abelian groups are in a sense small.
Proof. (i) Let T(m) be indexed by sequences from Y = {1, 2, ..., m}. Let G induce the permutation group P on the set Y . Then, P is an abelian transitive permutation group of degree m and is therefore regular; it follows that the stabilizer in G of any y ∈ Y is the same as the stabilizer of the 1st level of the tree H = stab G (1). Since the representation of G is recurrent, the projection π v of stab G (k) on any of its coordinates v produces the group G.
We produce in this manner a sequence
of elements of G such that γ is equal to the infinite product Proof. The permutation group P induced on Y = {1, ..., p} is cyclic, say generated by σ. Since G is infinite, there exists an h = (h 1 , h 1 , ..., h 1 ) ∈ H such that h 1 ∈ H and therefore we may assume h 1 induces σ on Y . We produce elements a i ∈ G such that a i = σ (i) modulo stab A (i + 1) and the proof continues as previously.
The group G in the corollary need not be recurrent. For example, let Y = {1, 2}, G be the cyclic subgroup of Aut (T (Y )) generated by α = e, α 3 σ where σ = (1, 2).
Proof. Let T (G) be the torsion subgroup of G. Then, we have the decompositions
where T (H) ≤ T (G) and we may assume M ≤ K. Suppose G is a mixed group. Then the first possibility is K = M and
The other possibility is T (G) = T (H) and K M finite cyclic ; but as T (H) is f -invariant, T (G) = T (H) = {e} and again we have a contradiction.
Sub-triples and Quotient triples
f is well-defined and G N , HN N , f is a quotient triple. Given a triple (G, H, f ), we produce a sequence of subtriples (G(i), H(i), f i ) defined as follows:
and for i ≥ 1
Clearly, if f is an epimorphism, then the sequence stops at i = 0. The following group of automorphisms of the binary tree provides an example for which the sequence is infinite
for all y ∈ Y and all h ∈ H; that is,
The above result generalizes Lemma 3.2 in [7] .
3.1. Facts about nilpotent groups. We list below some facts about nilpotent groups which are either well-known (see [5] , [8] ) or have direct proofs. Let
denote the upper and lower central series of G, respectively. I. Let G be a nilpotent group of class c.
3. The subset T (G) of G of elements of finite order is a subgroup of G.
Suppose N is a normal torsion-free subgroup of G. Let x ∈ G, y ∈ N and n a positive integer. Then
6. Suppose T (G) has finite exponent s.
is a subgroup of G. If furthermore G is finitely generated then
is finite for all i and q i divides q j for i ≤ j.
III. Let G be finitely generated nilpotent group of class c. 1. Then G is Hopfian and has a finite Hirsch length denoted by h(G). Also, a subgroup H has finite index in G if and only if h(H) = h(G).
2. Let H be subgroup of finite index in G. Then Z(G) and Z(H) have the same Hirsch length. Also, [γ i (G) : γ i (H)] is finite.
3.2.
Triples for nilpotent groups.
Proof. The first assertion follows from 
The last assertion follows directly.
Proposition 3. Let G be an T c -group, H a subgroup of finite index in G and let f ∈ Hom (H, G) be a simple monomorphism. Then f :
Since f is simple, M and L are abelian and therefore 
We show in the next example that , x 2 , ..., x m ) σ ∈ G 1 = G ∩ W 1 . If x 1 has finite order then x also has finite order.
Proof. Suppose that there exists an x = (x 1 , x 2 , ..., x m ) σ where σ ∈ P 1 such that
′ m ) has infinite order. Let X be the set of non-trivial x ∈ B G such that each x i = e or o (x i ) is infinite. Choose x ∈ X such that first, x has a maximum number of trivial entries and second, x ∈ γ j (G) for a maximum j. Let g = (g 1 , g 2 , ..., g m ) ρ ∈ G where ρ ∈ P and o (ρ) = r. Then, [x, g r ] ∈ B G has at least the same number of trivial entries as x and [x, g r ] ∈ γ j+1 (G). Therefore, [x, g r ] has finite order. Hence, in the torsion-free nilpotent group G = G T (G) , we have [x, g r ] = e and so, [x, g] = e; that is, [x, g] has finite order. We may assume x 1 = e and let i be such x i has infinite order. Now let g = (g 1 , g 2 , ..., g m ) ρ ∈ G be such that (i) ρ = 1. Then, 
Theorem 8. Let G be a nilpotent group, H a subgroup of finite index
(iv) If G is finitely generated and f an epimorphism, then
Proof. The triple (G, H, f ) provides us with ϕ :
G L → Aut (T (m)), a state-closed representation on the m-tree where for h ∈ H, we have
.., * ) σ and by the previous proposition, h ϕ has finite order. As L = ker (ϕ), we have h ∈ H √ L and we are done. (ii) The first inclusion is clear. Now suppose x ∈ T H f ; that is, x = h f and x n = e for some n. Then,
G). As, T (H) ≤ T (G), we have T (H) = T (G) and as f is simple, we conclude that T (G) is trivial.
In the general case, we consider the triple (
Corollary 2. Let G be a torsion-free nilpotent group, H a subgroup of finite index m and f :H → G a homomorphism. Then
Suppose ker (f ) = {e}. Then
Proof. The first assertion is a direct application of part (i) of the theorem. Suppose G is finitely generated; then
simple, follows easily. On the other hand, suppose f : Z(H) → Z(G) simple and let K be a nontrivial subgroup of H, normal in G and f -invariant. Then, K ∩ Z(H) = {e} and 
Note that the only subgroup of ker (f ) which is normal in c, d is the trivial subgroup. Let K be an f -invariant subgroup of H normal in G. Then,
Therefore, K f = {e} , K ≤ ker (f ) and so, K = {e}. (3) A triple (G, H, f ) where G is an T-group and f -core(H) = Z(H). Let G = F (2, 2) freely generated by a, b. Let H be the subgroup generated by
Z(H).
Simple triples for T-groups
5.1. Nilpotent groups: 2-generated or of class 2.
Theorem 9. Let c ≤ 2, G be an T c -group and H a subgroup of finite index in G.
Then there exists a subgroup K of finite index in H, which admits a strongly simple epimorphism f : K → G.
Proof. The case G abelian is obvious; so let G have nilpotency class 2. Choose
Let n > 1 and define γ : a i → a n i . Then, γ extends to an isomorphism from A onto its subgroup a n 1 , a n 2 , ..., a 
Then, K is a subgroup of finite index in A and λ : x i → r i extends to an isomorphism from A onto K; therefore, λγ : G → K is an isomorphism onto. Let f be the inverse of λγ. Then f is strongly simple.
Example 2. Given a simple triple (G, H, f ) where G is an T-group, a question may be posed as to whether f | Z(H) : Z(H) → Z(G) an epimorphism implies that f itself is an epimorphism. The following is a counterexample.
Let G = F (2, 2), freely generated by a, b. Write [a, b] = z and let
an isomorphism from H 1 onto H 2 and f is simple. Therefore, Z (
Proof. We have G ′ ≤ Z c−1 (G) and
Zc−1(G) are 2-generated non-cyclic abelian groups. Since Proof. Let G be generated by a 1 , a 2 and suppose c ≥ 2.
First, we will argue the case c = 2 . Then G is isomorphic to
Therefore, m 1 m 2 = ±1. Hence, HG ′ = G = H. Let c ≥ 2 and f : H → G be an epimorphism. Then f induces an epimorphism f :
The class 2 case leads to G = HZ c−2 (G). Therefore
Moreover, since 
Proof. By the previous result, d ≥ 3. Suppose d = 3. We may choose the generators a 1 , a 2 , a 3 such that HZ(G) =< a As G is torsion-free, Since n 12 a 12 , n 13 a 13 , n 23 a 23 ∈ H ′ we conclude that a 12 ∈ H ′ and similarly for a 13 , a 23 ; thus, G ′ = H ′ .
Derived length and nilpotency class.
Theorem 12. Let G be an T-group, H a subgroup of finite index m > 1 and
Proof. We may suppose G non-abelian. By Corollary 2, f is a monomorphism. As H f is a subgroup of finite index in G, we have Z(H), Z(H) f ≤ Z(G). Clearly, Z(G) is not contained in H; for otherwise, Z(G) = Z(H) and f -invariant.
Consider the triple
, f are simple. Now, we consider the chain of subgroups
Since HL = HZ (G) we have H is a proper subgroup of HL. By Proposition 3, Proof. Proceed by induction on the order of T (G). If G is torsion-free then by the previous theorem, G is abelian. If T (G) = {e} then T (G) is not contained in H. Since H is a maximal subgroup of G, by Proposition 2, H f , H ∩ H f , f is a simple triple of degree p. Since T (H f ) < |T (G)| we conclude that H f is finite or torsion-free. In the first case, it follows that G is finite. In the second case, ker(f ) = T (H), normal in G and finvariant; therefore, ker(f ) = {e} and G is torsion-free, contrary to the assumption.
To justify that neither s (G) nor c (G) can be bounded in case G is finite, we recall W s , the iterated wreath product of cyclic groups of order p in Example 1.1.
Theorem 13. Let G be an T-group, H a subgroup of finite index m. Suppose f : H → G is strongly simple. Then f :
Proof. Let G be non-ablelian. Suppose there exists a nontrivial subgroup
Since f is strongly simple, L is free abelian of finite rank and we may assume L = Z(G) ⊕ K, as Z(G) is isolated. The decomposition of L provides us with uniquely defined homomorphisms
We note that γ is a monomorphism with whose characteristic polynomial µ is non-constant.. Since [L : Z(H) ⊕ K] is finite, f extends to an automorphism f of Q⊗L, say having characteristic polynomial ρ; clearly, µ is a factor of ρ. However, since f is simple, ρ does not have monic integral polynomial factors of positive degree; a contradiction.
Induction on c (G) leads directly to a proof of the last assertion.
The following natural example shows that the above limit is satisfactory. Example 3. Let V n be the additive free Z-module of rank n generated by
n → x n extends to a strongly simple epimorphism f : H → G.
5.3.
Triples with degree a product of two primes. Let (G, H, f ) be a simple triple of degree m = pq, a product of two primes. In contrast to the prime degree, here we have a greater variety of groups. However, we do not know of examples of simple (G, H, f ) where G is a non-abelian T-group, m = pq and p, q distinct primes. We show below that G can be a mixed non-abelian group.
Then, f is a simple homomorphism; for
(2) A mixed nilpotent group G of class 2, with [G : H] = pq where p is a prime, q = 1 + tp and (G, H, f ) simple.
where x is of infinite order and acts on D as conjugation by b. Then,
We observe that b −1 x p = x p . Let q = 1 + tp and let
Then, H is abelian, has index pq in G of type Z p ×Z p ×Z and K is abelian of type Z p ×Z. Moreover,,
extends to an epimorphism f : H → K. To prove that f is simple we observe that Consider the first index j such that Z j (G) ≤ L and define K = Z j (G)L. We assert that γ i (K) ≤ Z j−i+1 (G) for i ≥ 2:
if γ i (K) ≤ Z j−i+1 (G) for some i then 
5.4.
A sequence of simple triples of degree 4. The groups R, S produced in Subsection 3.2 will be shown to be part of an ascending sequence of simple triples (G n , H n , f n ) where [G n : H n ] = 2 2 , d (G n ) = 2, s (G) = 2 and c (G n ) = n. This will prove that the nilpotency class of groups in Theorem 14 cannot have a fixed upper limit.
Let V n be the free Z module Z n and {ε i |1 ≤ i ≤ n} its canonical basis. Define inductively x n ∈ GL (V n ): x 2 = 1 1 0 1 ,
, ξ n = 2 n−2 , 0, ..., 0 
